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Виробнича лінія підприємства з потоковим методом організації виробництва є складною динамічною розподіленою 
системою. Розподіл заготовок і напівфабрикатів уздовж технологічного маршруту істотно впливає на пропускну 
здатність виробничої лінії. Для опису розподілених виробничих систем введений новий клас моделей (PDE-модель). 
Моделі цього класу використовують диференціальні рівняння в приватних похідних, дозволяють визначити поведінки 
потокових параметрів уздовж виробничої лінії в довільний момент часу. У даній роботі досліджується модель 
потокової лінії, синхронізація технологічних операцій на якій досягається за допомогою зміни коефіцієнта 
завантаження технологічного обладнання. Для опису розподіленої динамічної системи використана модель, яка 
містить рівняння в приватних похідних. Передбачається, що однозмінний режим роботи виробничого підприємства є 
основним режимом його функціонування. Для забезпечення безперервного одне змінного режиму роботи виробничої 
лінії технологічні операції синхронізуються протягом календарного дня. Для побудови оптимальної програми 
управління введений критерій якості, який враховує витрати виробничого підприємства, які потрібні для синхронізації 
технологічних операцій. При цьому враховується, що вартість однієї години функціонування технологічного 
обладнання залежить від виду технологічної операції. Як диференціальних зв'язків при постановці завдання 
управління використано одне моментное  рівняння, яке визначає взаємозв'язок лінійної щільності заготовок вздовж 
технологічного маршруту і темпу обробки заготовок на технологічної операції в довільний момент часу. 
Ключові слова: виробнича лінія, PDE-модель виробництва, балансові рівняння, незавершене виробництво. 
Производственная линия предприятия с поточным  методом организации производства является сложной 
динамической распределенной системой. Распределение заготовок и полуфабрикатов вдоль технологического 
маршрута оказывает существенное влияние на пропускную способность производственной линии. Для описания 
распределенных производственных систем введен новый класс моделей (PDE-модель). Модели этого класса 
используют дифференциальные уравнения в частных производных, позволяют определить поведения потоковых 
параметров вдоль производственной линии в произвольный момент времени. В настоящей работе исследуется  модель 
поточной линии, синхронизация технологических операций  на которой достигается посредством изменения 
коэффициента загрузки технологического оборудования. Для описания распределенной динамической системы 
использована  модель, содержащая уравнения в частных производных. Предполагается, что односменный режим 
работы  производственного предприятия является основным режимом его функционирования. Для обеспечения 
непрерывного односменного режима работы производственной линии технологические операции синхронизируются  
в течение календарного дня. Для построения оптимальной программы управления введен критерий качества, который 
учитывает затраты производственного предприятия, которые требуются для синхронизации технологических 
операций. При этом учитывается, что стоимость одного часа функционирования технологического оборудования 
зависит от вида технологической операции. В качестве дифференциальных связей при постановке задачи управления 
использовано одномоментное уравнение, которое определяет взаимосвязь линейной плотности заготовок вдоль 
технологического маршрута и темпа обработки заготовок на технологической операции в произвольный момент 
времени.  
Ключевые слова: поточная линия, PDE-модель производства, уравнения баланса, незавершенное производство. 
The production line of an enterprise with a flow method of organizing production is considered as a dynamic distributed 
system. The technological route for manufacturing products for many modern enterprises contains several hundreds of 
technological operations, in the inter-operating reserve of each of which there are thousands of products awaiting processing. 
Technological routes of different parts of the same type of products intersect. This leads to the fact that the distribution of 
objects of labor along the technological route has a significant impact on the throughput capacity of the production line. To 
describe such systems, a new class of production line models (PDE-model) has been introduced. Models of this class use 
partial differential equations to describe the behaviour of production line flow parameters. In this article, a PDE-model of the 
production line is built, the flow parameters of which depend on the load factor of the process equipment for each operation. 
For the description of a distributed dynamic system, the PDE model of the production line was used. At the same time, the 
single-shift mode of operation of a production enterprise is considered as a basic mode of operation. 
Keywords: production line, PDE-model of production, balance equations, work in progress. 
 
1 Introduction 
On the production line of the enterprise is required to process a batch of products [1]. For the 
process identified: 
a) the sequence of operations and their technological parameters; 
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b) the equipment necessary to perform the operation, the parameters of its work and the layout 
scheme; 
c) the properties of the object of labor and the laws of the transfer of resources to objects of labor as 
a result of the impact of equipment. 
It is assumed that the production technology during the production cycle does not change, that is, the 
parameters characterizing the operation remain unchanged. The duration of the shift is given, is eight 
hours. Reducing the duration of the production cycle is possible by changing the mode of loading 
equipment. The amount of equipment loading in the processing of a batch of products will be 
characterized by the shift factor of the equipment during the day SmK . We believe that the cost of one 
hour of equipment operation is different for each operation and depends on the time of day. The flow 
parameters of the model of the controlled production process in the two-step description are inter-
operating reserve characterized by density    St,0 , and by the flow of objects of labor    St,1  on 
the technological route [2-5]. To describe the behavior of flow parameters in space and time, we use the 
one-dimensional coordinate space  St,  [6, 7]. The coordinate S determines the place of the object of 
labor in the technological route. The introduced one-dimensional coordinate space  St,  allows us to 
construct compact models for controlling the parameters of a production line. We divide the coordinate 
axis S0  into segments  mmm SSS ,1 . Coordinates 1mS  and mS  characterizes the beginning and 
end of the m -th operation, Mm ..1 .  At the same time, we assume that, 00 S , dM SS  , where dS  
is the cost of production.  
Let the function  mс Stz ,  determine the cost of the excess costs of the resources required for the use 
of additional equipment within one hour of the m -th operation. The dependence of the function 
 mс Stz ,  on time implies that during the production cycle, the cost of the excess costs of resources 
required to perform the operation on additional equipment may vary over time. Under the use of 
additional equipment we understand the use of backup equipment, the required time or the main 
equipment in additional time (shift factor 3SmK ) [8]. 
One of the approaches to synchronize the processing performance of objects of labor in different 
operations of the production line is to use the main equipment in additional time between the main 
technological shifts (control of the shift of technological equipment for a given technological 
operation). If the time used by the equipment during single-shift operation is selected as the time axis of 
the state space, then the state of the backlog during the period between the end of the shift and the 
beginning of another shift in the case of using the main equipment during the second and third shift will 
change abruptly by the number of processed products during the second and third shift. 
Let us introduce the distribution density of the cost of the above-standard costs of technological 
resources required to perform work on additional equipment within an hour for the technological route 
in the interval  dS;0 : 
 
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We introduce a function  StW ,  that characterizes the work of additional equipment (main 
equipment in the second or third shift, shift factor 1SmK ). 
Define  
2
1
,
t
t
dtStW  as the number of additional equipment (located in the vicinity S  of the 
technological route coordinates) hours for a period of time  12 ttt  . As a result of the inclusion of 
additional equipment that ensures the processing of objects of labor in the second and third shift at a 
rate equal to the rate of operation of the main equipment    St,1 , the overall rate of movement of 
objects of labor at the point of the technological route with the coordinate S  increases by 
     StWSt ,,1   . During  12 ttt   the work of the additional equipment, an additional flow of 
objects of labor with the total number of units  
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      
2
1
,,1
t
t
dtStWSt         
will pass through the point of the technological route with the coordinate S . 
The excess costs )( dcb TС required to ensure the operation of additional equipment located on the 
segment  mmm SSS ,1  and used to perform the m -th operation for the duration of the production 
cycle dT , we define the integral: 
     
d dT S
zdcb dtdSStStWTС
0 0
,,)(        
 
Relevance and practical significance 
The scientific novelty consists in the development of a method for designing control systems for the 
parameters of the production line of enterprises with a continuous method of organizing production 
based on the PDE model of the control object. 
In this case, the control object, the production line  is represented by a dynamic system with 
distributed parameters along the technological route. The optimal control of the parameters of the 
production line is sought in the form of superpositions of delta functions. 
The proposed method of designing a system for controlling the flow parameters of a production line 
can be used as the basis for designing highly efficient production flow control systems for enterprises 
manufacturing semiconductor products in the automotive industry. 
 
Production Line Model 
Line parameters for continuous production flow with a sufficiently large number of operations 
satisfy the balance equation system: 
       
0
,, 10 





S
St
t
St 
,    St,1 =    St,1 .   (1) 
The normative tempo    St,1  of processing items of labor for a production line is set at each 
point of the technological route and for each point in time. The parameters of the model of the 
controlled production process in the two-step description are the inter-operational reserves, which 
characterize    St,0  the density of distribution of objects of labor along the technological route, and 
their rate of movement    St,1  [1]. 
We control the value of the flow parameters    St,0 ,    St,1  by regulating the place of 
activation of the auxiliary equipment in the technological route and the duration of its activation 
(change in the coefficient of the loading of the process equipment 1SmK ). 
Control function    StWStU ,,    determines the duration of the inclusion of additional equipment 
in the specified place of the technological route with the coordinate S  at the time qtt  , where qt  is 
the end time of the q -th shift ( ...3,2,1q ).The planning interval for the line in question is equal to the 
interval of three shifts (daily planning interval) with one-shift operation of the main equipment. As an 
additional, the main equipment is used, which processes 1SmK  the objects of labor in the second and 
third shift with the pace    St,1 . 
The behavior of the parameters    St,0 ,    St,1  of the production line is limited by the initial 
conditions of the distribution of objects of labor along the technological route and the purpose of 
management: 
   S,00 =    S00 ,    STd ,0 =    SdT0 ,    
as well as the boundary conditions determining the receipt from the warehouse of raw materials, 
materials for the first operation and the output of finished products from the last operation: 
   0,0 t =    tS0 ,     0,1 t =    tS1 .     
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In the absence of the inclusion of additional equipment parameters    St,0 ,    St,1 ,    St,1  
in the moment qt  the end of the q -th shift and the start of the  1q -th shift are continuous functions of 
time t  with the continuous derivatives of the n-th order: 
       StSt qq ,, 00    ,  
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The notation qt  and qt , means that the functions    St,0 ,    St,1 ,    St,1  are considered 
in the infinitely small neighborhood to the left and to the right of qt . We believe that the regulatory 
parameters characterizing the operation during the production cycle dT  remain unchanged in time: 
   St,0 =    S,00
   
t
S
Sq



1 ,            SStSt q111 ,,    .  (2) 
 
Condition  
   
0
1



 mSS
q
S
S
 
corresponds to increase in the density of inter-operating reserve for a technological m -th operation 
during the cycle time dT  for the case when there is no inclusion of additional equipment in the second 
and third shifts. In this case, the rate of processing of parts at the technological operation will be 
considered constant over time. The average daily rate can be changed depending on the shift value of 
the process equipment. The time value corresponds to the time qt  of completion of works in the q -th 
shift under the single-mode operation mode of the main equipment (duration of the work shift, hours): 
  81  qqq ttt . 
The number of  inter-operating reserve at the moment of time corresponding to the completion of 
work in the q -th shift is equal to their number at the beginning of the work of the  1q -th shift (2). The 
increase in the density of inter-operating reserves with time will lead to overflow of the capacity of the 
inter-operating bunker located in the point of the technological route defined by the coordinate mS , and 
ultimately, to the overflow of bunkers on the section  m,0 S  of the technological route with the 
subsequent stopping of the production line. 
The conditions for the occurrence of the drive overflow process and the study of the evolution of 
its development for the technological route section  m,0 S  are described in detail in [4, 6, 9-12]. 
To ensure the smooth operation of the production line, it is necessary to synchronize the rate of 
processing of objects of labor in individual operations within the time interval between the beginning of 
the qt -th and the beginning of the 1qt -th work shift.  
We supplement equations (1) with the control function  StU , : 
   
t
St

 ,0 +
   
S
Sq

 1
=
      
S
StUSq



,1 
,    (3) 
   StWStU ,,   =    qttStW , , qt = q8    8, StW q ,    
determining the duration of the inclusion of equipment in the position S  at the time between the end of 
the q -th and the beginning of )1( q -the th shift ( ...3,2,1q ). The control of the flow parameters carried 
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out as a result of the use of additional equipment at the moment of time qt  between the end of the q -th 
shift and the beginning of the )1( q -th shift is determined through the Dirac delta function  qtt   [13, 
14]. The equation for changing the density of inter-operating reserve (3) can be integrated over time: 
   S,0  =    S,00 -
   


S
Sq

 1 -       
 
k
q
qq StWS
S1
1 , ,  (4) 
where the replenishment time points of the production line are   kqq ttttt ..............0 121  (hour) 
with the duration of the work the additional equipment  StW ,1 ,  StW ,2 ,…,  StW k ,  (hour). 
Replenishment time moments qt  and the duration of additional equipment operation   8, StW q  
(h) depend on the choice of control. The total number of objects of labor in the inter-operational reserve 
of the technological operation, bounded by the coordinates of the technological route 1mS  and mS , is 
the quantity: 
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where  
        


m
m
S
S
dSSS
1
,0, 00  - changing backlog m -th operation for time  ; 
    11 mq S - the number of objects of labor, which arrived at the m -th operation with  1m -th 
during the time   (h); 
    mq S1 - the number of objects of labor, which took from m -th operation to  1m -th in time   
(h);      111 ,   mqmq StWS - the number of objects of labor, which arrived at the m -th operation with 
the  1m -th as a result of the work of additional equipment during the time  1, mq StW  between the 
beginning of the q -th and the beginning of the )1( q -th shift;  
     mqmq StWS ,1 - the number of objects of labor, which went with the m –th operation on the 
 1m -th as a result of the work of additional equipment during the time  mq StW ,  between the 
beginning of the q -th and the beginning of the )1( q -th shift. 
The rupture of the function    St,0  corresponding to the value      mqmq StWS ,1 , is determined 
by the work of the additional equipment with the capacity    mq S1  included between qt  and 1qt  the 
shift for processing the subject of labor for a time  mq StW , . 
 
Statement of the task of optimal control of the production line 
In a fairly general form, the task of building an optimal program for controlling flow parameters
   St,0 ,    St,1 , when additional equipment is turned on using additional equipment, can be 
formulated as follows: determine the state of parameters     00 , GSt  ,     11 , GSt   for each route 
point  dSS ,0  during the period of time  dTt ,0  while managing   UGStU ,  the additional 
equipment operation time 
       qttStWStWStU   ,,, , qt = q8 ,     
 
delivering a minimum of functionality 
    min,,
0 0
  
d dT S
zcb dtdSStStUC  ,    (5) 
with differential connections 
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   
t
St

 ,0 +
   
S
Sq

 1 =
      
S
StUSq



,1 
,  
with restrictions along the trajectory on the phase variables    St,0  determined by the storage 
capacity 
   St,0 0 ,         SSt G00 ,   ,    
with constraints along the trajectory on the control [7] 
 StU ,0  ,    SUdtStU G
tt
tt
qq
qq
  


5.0
5.0
,0 =8, 0 qt ,  (6) 
initial conditions 
   S,00 =    S00 , 
final state (control goal) 
   STd ,0 =    SdT0  
and boundary conditions 
   0,1 t =    01q ,     dSt,1 =    dq S1 , 
where qt = q8  is the end time of the q -th shift;  qtt  - delta function. Control is carried out in the 
time interval between shifts  





 



2
,
2
q
q
q
q
t
t
t
tt , dq Tttt  .....0 21   .    
Control  StU ,  should be understood as a certain impulse, which is an idealization of a sufficiently 
large in the magnitude of ordinary control during a shift concentrated in a neighbourhood of a point qt  
[13]. The value of the function  StU ,  at the time point t  specifies the number of hours of operation 
of the additional equipment at the location of the technological route with a coordinate S . 
Condition (6) for different parts of the route is recorded under the assumption that the duration of the 
work of additional equipment cannot exceed the duration of the technological shift equal to eight hours. 
The tempo of processing of objects of labor along the technological route is a given function
    )(11 Sqq    from the coordinate S . The tempo of movement of objects of labor 
       ,00, 11 qt    
coming in the form of raw materials and materials to the production line, and the tempo 
       dqd SSt 11 ,    finished parts leaving the last operation, do not depend on time, consistent with 
the plan of supplying the production with raw materials and the plan of shipments of finished products. 
Functional (5) defines the criterion for the quality of control of flow parameters during the production 
cycle dT , reflects the above-standard costs for all technological operations associated with the use of 
additional equipment. It is assumed that the cost of an hour of operation of additional equipment is set 
different for each operation and depends on the time, determined by the function. In determining the 
optimal control program, we assume that the intervals between shifts are adjacent to each other  Stz ,
. We assume that the main equipment works continuously during the work shift. To ensure the 
continuity of the flow of items of labor on the technological route 
        0,00  StSG  , 
the operation of the additional equipment must be controlled in such a way that during the shift in the 
interval  1,  qq ttt  the main equipment functions continuously. Strict equality 
       StSG ,00   ,     0,0 St , 
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corresponding to filling the bunker with labor objects and emptying it, is allowed only in the time 
interval 





 


 
2
,
2
1
q
q
q
q
t
t
t
tt . 
Integrating the balance equations in the specified time interval, we get: 
   
   
     




 












 







 

2
2
1
1
010 ,8,
2
,
2
q
q
q
q
t
t
t
t
q
qq
q
q
q dtStUS
SS
S
S
t
tS
t
t 

 , 
what allows to write down condition of inadmissibility of overflow of the inter-operational bunker 
     
   
      0,8,
2
2
2
1
1
00 












 
 




q
q
q
q
t
t
t
t
q
qq
qG dtStUS
SS
S
S
t
tS 

  
and the condition of inadmissibility so the inter-operational bunker was empty 
 
   
      0,8,
2
2
2
1
1
0 











 
 




q
q
q
q
t
t
t
t
q
qq
q dtStUS
SS
S
S
t
t 

 . 
The function    Stq ,0  determines the distribution of objects of labor according to the 
technological route at the moment of time qtt  , corresponding to the beginning of the q -th shift.  
Control  StU ,  with restrictions on phase variables and with restrictions on control, ensures the 
achievement of the control target with the minimum value of the integral (5) and with given differential 
constraints, is the optimal program for the flow parameters of the production line. In the absence of 
control, the equation of relations is (1). Changing the number of objects of labor in the area of the 
production line within the operation is only possible due to the receipt of objects of labor from the 
previous operation and their care for the subsequent as a result of technological processing. Term 
      
S
StUSq

 ,1 
 containing control  StU , , plays the role of a source or sink [1] of objects of 
labor in the considered element of the volume of phase space. The initial conditions and the goal of 
management determine the distribution of objects of labor along the route at the initial and final point in 
time. 
 
Conclusion 
Achievement of the production system with the initial distribution of objects of labor    S00  along 
the technological route in a precise line over the duration of the production cycle dT  of the final state 
   S
dT0
  can be implemented in a variety of ways, each of which is called a control program. In the 
technical problems of managing the state of the production line, the question arises of finding the most 
optimal program for the use of resources (optimal control). The mathematical reflection of this fact is 
that the control of the parameters of the production line should be chosen from the condition of 
minimum integral (5).  
This paper shows that along with traditional models for controlling the parameters of production 
flow lines, an important role is played by control models associated with the use of partial differential 
equations (PDE models). A PDE-model for controlling the parameters of a production line has been 
considered, taking into account restrictions on the volume of inter-operating bunkers along the 
technological route. 
The developed model allows you to determine the schedule of switching on and off the process 
equipment. A method for controlling the synchronization of technological operations of an industrial 
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production line is considered. The quality criterion of the production system is written, which allows 
building optimal control over the parameters of a production line operating in multi-shift mode. It is 
shown that partial differential equations that act as differential constraints for phase variables are 
replaced by a system of equations for the coefficients of decomposition of production line parameters, 
which allowed us to obtain the control function in the form of time dependence and position 
(coordinates) in the technological route. 
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